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We have studied charmonium and bottomonium hybrid states with
various JPC quantum numbers in QCD sum rules. At leading order in αs,
the two-point correlation functions have been calculated up to dimension
six including the tri-gluon condensate and four-quark condensate. After
performing the QCD sum rule analysis, we have confirmed that the dimen-
sion six condensates can stabilize the hybrid sum rules and allow reliable
mass predictions. We have updated the mass spectra of the charmonium
and bottomonium hybrid states and identified that the negative-parity
states with JPC = (0, 1, 2)−+, 1−− form the lightest hybrid supermultiplet
while the positive-parity states with JPC = (0, 1)+−, (0, 1, 2)++ belong to
a heavier hybrid supermultiplet.
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1 Introduction
Many new charmonium-like hadron states have been observed at B-factories since
2003 [1, 2, 3]. The masses and decay features of these states are not consistent with
the predictions of the potential model and hence they are considered as candidates of
exotic hadron states. Some of these states have been interpreted by some authors as
charmonium hybrids such as X(3872) [4], Y (4260) [5, 6, 7], Y(4140) [8], and so on.
Heavy quarkonium hybrids were studied using many methods such as the con-
stituent gluon model [9], the flux tube model [10], QCD sum rules [11, 12, 13,
14, 15, 16, 17, 18] and lattice QCD [19]. In lattice QCD [19] and the P-wave
quasigluon approach [20], the heavy quarkonium hybrids with JPC = (0, 1, 2)−+, 1−−
were predicted to form the lightest hybrid supermultiplet while the states with JPC =
0+−, (1+−)3, (2+−)2, 3+−, (0, 1, 2)++ formed a higher hybrid supermultiplet.
Heavy quarkonium hybrids were originally studied in Refs. [11, 12, 13] by Govaerts
et al.. They performed the QCD sum-rule analyses considering the perturbative and
the dimension four gluon condensate contributions, which led to unstable hybrid
sum rules and unreliable mass predictions for the JPC = 0−+, 0+−, 1−+, 1−−, 2−+
channels. Recently, the JPC = 1−− [15], 1++ [16] and 0−+ [17] channels have been
re-analyzed by including the dimension six condensate contributions to the two-point
correlation functions. The results showed that the tri-gluon condensate contributions
can stabilize the hybrid sum rules and allow reliable mass predictions.
In this contribution, we review our work in Ref. [18] where we extend the calcula-
tion of the correlation functions of heavy quarkonium hybrid operators with various
JPC quantum numbers to include QCD condensates up to dimension six. After eval-
uating the spectral densities, we re-analyze both the charmonium and bottomonium
hybrid channels and update their mass spectra.
2 Two-point Correlation Functions
In the framework of QCD sum rules [21, 22], we consider the following interpolating
currents with various JPC quantum numbers
Jµ = gsQ
λa
2
γνGaµνQ, J
PC = 1−+, 0++,
Jµ = gsQ
λa
2
γνγ5G
a
µνQ, J
PC = 1+−, 0−−, (1)
Jµν = gsQ
λa
2
σαµγ5G
a
ανQ, J
PC = 2−+, 1++, 1−+, 0−+ ,
in which Q represents a heavy quark (c or b), gs is the strong coupling, λ
a are the
Gell-Mann matrices and Gaµν is the gluon field strength. By replacing G
a
µν with
1
G˜aµν =
1
2
ǫµναβG
αβ,a, we can also obtain the corresponding operators with opposite
parity. Using these hybrid operators, we study the two-point correlation functions
Πµν(q) = i
∫
d4x eiq·x 〈0|T [Jµ(x)J
†
ν(0)]|0〉, (2)
where Jµ(x) is the interpolating current in Eq. (1).
At the hadron level, the correlation functions can be described using the dispersion
relation
Π(q2) = (q2)N
∫ ∞
4m2
ρ(s)
sN(s− q2 − iǫ)
ds+
N−1∑
n=0
bn(q
2)n, (3)
where ρ(s) is the spectral density
ρ(s) ≡
∑
n
δ(s−m2n)〈0|Jµ|n〉〈n|J
†
µ|0〉 = f
2
Xm
8
Xδ(s−m
2
X) + continuum, (4)
and fX is the coupling constant and mX is the mass of the ground state. The corre-
lation function can also be calculated at the quark-gluon level via the OPE (operator
product expansion) method. Up to dimension six, the correlation functions and spec-
tral densities can be expressed as the sum of a perturbative term and the various QCD
condensates such as the gluon condensate, tri-gluon condensate and the four-quark
condensate. One can consult Ref. [18] for the detailed expressions for the spectral
densities.
After performing the Borel transform, we establish the sum rules for the hadron
mass by equating the correlation functions obtained at both the hadron level and the
quark-gluon level
Lk
(
s0,M
2
B
)
= f 2Xm
8+2k
X e
−m2
X
/M2
B =
∫ s0
4m2
ds sk ρ(s) e−s/M
2
B , (5)
where s0 and MB are the continuum threshold and the Borel mass, respectively. The
mass of the lowest-lying hybrid state can be extracted as
m2X =
L1 (s0 ,M
2
B)
L0 (s0 ,M2B)
. (6)
3 QCD sum rule analysis
To perform the numerical analysis, we use the following values of the heavy quark
masses and the various condensates [23, 24, 25, 26]: mc(µ = mc) = mc = (1.28 ±
0.02) GeV, mb(µ = mb) = mb = (4.17±0.02) GeV, 〈αsGG〉 = (7.5±2.0)×10
−2 GeV4,
2
〈g3sfGGG〉 = −(8.2 ± 1.0) GeV
2〈αsGG〉, 〈qq〉 = −(0.23 ± 0.03)
3 GeV3, 〈g4sjj〉 =
−4
3
g4s〈qq〉
2. The stability of the mass sum rules requires suitable working regions of
the continuum threshold s0 and Borel mass M
2
B. We study the convergence of the
OPE series and the pole contribution to obtain the Borel window. The requirement
of the OPE convergence results in a lower bound on M2B while the constraints of the
pole contribution leads to an upper bound.
For the charmonium hybrid cGc systems, the dominant power correction comes
from the gluon condensate 〈αsGG〉. However, the dimension six condensates 〈g
3
sfGGG〉
and 〈g4sjj〉 are also very important to the hybrid sum rules. They can improve the
convergence of the OPE series and stabilize the mass sum rules [15, 16, 17, 18]. To
obtain a lower bound on the Borel mass, we require that the gluon condensate be less
than one third of the perturbative term contribution and that the tri-gluon conden-
sate be less than one third of the gluon condensate contribution. An upper bound
on M2B is determined by requiring the pole contribution be larger than 10%. For
the exotic channel JPC = 1−+, the Borel window is then determinded as 4.6 GeV2
≤M2B ≤ 6.5 GeV
2.
In this Borel window, we study the variation of the extracted hybrid mass mX
with s0 for the J
PC = 1−+ channel in the LHS of Fig. 1. This figure gives us the most
suitable value of the continuum threshold s0 = 17 GeV
2, around which the variation
of mX with M
2
B is minimum. In the RHS of Fig. 1, we study the Borel curve which
describes the variation of mX with M
2
B. The Borel curve is very stable in the Borel
window. Finally, we extract the mass of the 1−+ charmonium hybrid as mX = 3.70
GeV, which is about 0.5 GeV lower than the lattice result in Ref. [19].
Following the same procedure, we extract masses of the other charmonium hybrids
as summarized in Table 1 along with the corresponding Borel windows, threshold
values and pole contributions. Only errors from the uncertainties in the charm quark
mass and the condensates are taken into account. We do not consider other possible
error sources such as truncation of the OPE series, the uncertainty of the threshold
value s0 and the variation of Borel mass MB.
9 12 15 18 21 24 27
3.3
3.5
3.7
3.9
4.1
4.3
s0 @GeV2D
m
X
@G
e
V
D
MB
2
=6.4 GeV2
MB
2
=5.8 GeV2
MB
2
=5.2 GeV2
MB
2
=4.6 GeV2
4.6 5.0 5.4 5.8 6.2 6.6
2.4
2.7
3.0
3.3
3.6
3.9
4.2
M B
2
@GeV2D
m
X
@G
e
V
D
s0=19 GeV2
s0=17 GeV2
s0=15 GeV2
Figure 1: The variations of mX with s0 and M
2
B for the 1
−+ charmonium hybrid.
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JPC s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
1−− 15 2.5 ∼ 4.8 3.36± 0.15 18.3
0−+ 16 5.6 ∼ 7.0 3.61± 0.21 15.4
1−+ 17 4.6 ∼ 6.5 3.70± 0.21 18.8
2−+ 18 3.9 ∼ 7.2 4.04± 0.23 26.0
0+− 20 6.0 ∼ 7.4 4.09± 0.23 15.5
2++ 23 3.9 ∼ 7.5 4.45± 0.27 21.5
1+− 24 2.5 ∼ 8.4 4.53± 0.23 33.2
1++ 30 4.6 ∼ 11.4 5.06± 0.44 30.4
0++ 34 5.6 ∼ 14.6 5.34± 0.45 36.3
0−− 35 6.0 ∼ 12.3 5.51± 0.50 31.0
Table 1: Numerical results for the charmonium hybrid states.
The unstable channels with JPC = 0−+, 0+−, 1−+, 1−−, 2−+ in Refs. [11, 12, 13]
are stable in Table 1. Obviously, the dimension six condensate 〈g3sfGGG〉 and 〈g
4
sjj〉
in the correlation functions can stabilize the sum rules and make it possible to extract
hybrid masses. In Table 1, the charmonium hybrids with JPC = (0, 1, 2)−+, 1−− lie
in the range 3.4 ∼ 3.9 GeV, which are much lower than the other channels. They
form the lightest hybrid supermultiplet [19, 20]. A heavier hybrid supermultiplet
in Refs. [19, 20] contains states with JPC = 0+−, (1+−)3, (2+−)2, 3+−, (0, 1, 2)++. In
Table 1, we obtain five members of this excited hybrid supermultiplet with JPC =
(0, 1)+−, (0, 1, 2)++.
As in the previous result in Ref. [16], the mass of the 1++ charmonium hybrid
in Table 1 is around 5.06 GeV, which is much higher than the mass of X(3872). It
seems that a pure hybrid interpretation of this meson is precluded.
We perform the same analysis as described above by replacing mc with mb in the
spectral densities to study the bottomonium hybrid systems. The numerical results
are then collected in Table 2. It shows that the masses of the four bottomonium
hybrid states with JPC = (0, 1, 2)−+, 1−− are about 9.7 ∼ 9.9 GeV, which form the
lightest bottomonium supermultiplet.
4 Summary
We have reviewed our work in Ref. [18] where we studied the charmonium and bot-
tomonium hybrids with various quantum numbers in QCD sum rules. At leading
order in αs, the two-point correlation functions and the spectral densities are calcu-
lated including the dimension six tri-gluon condensate and the four-quark condensate.
For both the charmonium and bottomonium hybrid systems, the numerical anal-
4
JPC s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
1−− 105 11 ∼ 17 9.70± 0.12 17.2
0−+ 104 14 ∼ 16 9.68± 0.29 17.3
1−+ 107 13 ∼ 19 9.79± 0.22 20.4
2−+ 105 12 ∼ 19 9.93± 0.21 21.7
0+− 114 14 ∼ 19 10.17± 0.22 17.6
2++ 120 12 ∼ 20 10.64± 0.33 19.7
1+− 123 10 ∼ 21 10.70± 0.53 28.5
1++ 134 13 ∼ 27 11.09± 0.60 27.7
0++ 137 13 ∼ 31 11.20± 0.48 30.0
0−− 142 14 ∼ 25 11.48± 0.75 24.1
Table 2: Numerical results for the bottomonium hybrid states.
yses show that the gluon condensates 〈αsGG〉 are the dominant power corrections
to the correlation functions. However, the dimension six condensates 〈g3sfGGG〉 and
〈g4sjj〉 can improve the OPE convergence, stabilize the mass sum rules and thus make
the mass predictions reliable. For the JPC = 1++ charmonium hybrid channel, the
mass is extracted around 5.06 GeV, which is much higher than the mass of X(3872).
This precludes a pure hybrid interpretation of this meson.
In our results, the negative-parity hybrids with JPC = (0, 1, 2)−+, 1−− are much
lighter than the other states. In other words, these states form the lightest hybrid su-
permultiplet. At the same time, the positive-parity states with JPC = (0, 1)+−, (0, 1, 2)++
belong to a heavier hybrid supermultiplet. The hybrid with JPC = 0−− is the heavi-
est, which implies a very different gluonic excitation.
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